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H ' 1 Introduction 

:z;" 

Let B be a quaternion algebra over the field Q of rational numbers, and let D > 1 denote its 
reduced discriminant. Let TV > 1 be a positive integer, coprime to D, let £{D, N) stand for the set 

■ of oriented Eichler orders of level N in B (cf. i j2.1l for precise definitions) and finally let Pic(Z?, N) 
denote the set of isomorphism classes of such orders. 

For any given O G £{D, N), it is well known that Pic(I?, N) is in bijective correspondence with 
the set of classes of projective left O-ideals in B up to principal ideals. 
1^ ■ If B is indefinite, i. e.,D is the (square-free) product of an even number of primes, then 

f*--- I Pic(£', N) is trivial for any N; if B is definite, Pic(I?, N) is a finite set whose cardinality h{D, N) 

is often referred to as the class number of O. 
I Let K/Q be an imaginary quadratic number field and let R be an order of K of conductor 

c. For any O G 8{D,N) let CMq^R) denote the set of optimal embeddings ip : R ^ O, up to 
(N ■ conjugation by O^. Define 

CMd,n{R)^UoCMo{R), 
' where O G £{D, N) runs over a set of representatives of Pic(£', N). Write 

■ TT : CMo^NiR) PHD, N) 

rS , 

^ , for the natural forgetful projection which maps a conjugacy class of optimal embeddings (p : R ^ O 

to the isomorphism class of its target O. 

Let Xo{D, N)/Q denote Shimura's canonical model of the coarse moduli space of abelian 
surfaces with multiplication by an Eichler order O of level in _B. As it is well known, associated 
to each R as above there is a (possibly empty) set of algebraic points CM{R) C Xq{D, N){K'^^), 
which is in natural one-to-one correspondence with CMq (R) . These points are called special, CM 
or Heegner points in the literature. Below we shall recall natural actions of the class group Pic(i?) 
and of the Atkin-Lehner group W{D, N) on both sets CMa{R) and CM(i?) which are intertwined 
by this correspondence. In the case of Pic(i?) this is the statement of Shimura's reciprocity law. 

Let now p be a prime, p \ c. It follows from the work of various people, including Deligne- 
Rapoport, Buzzard, Morita, Cerednik and Drinfeld, that Xq{D, N) has good reduction at p if and 
only if p I DN. There exists a proper integral model Xo{D, N) of Xo{D, N) over Spec(Z), smooth 
over Zljjji^], which suitably extends the moduli interpretation to arbitrary base schemes (cf. [2], 
[18]). When p is fixed in the context and no confusion can arise, we shall write Xq{D, N) for its 
special fiber at p. It is known that each of the sets S of 



Singular points of XoiD, N) for p \ \ DN, 
Irreducible components of Xo{D, N) for p \ \ DN, 
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• Supersingular points of Xo{D, N) for p | DN 

are in one-to-one correspondence with cither one or two copies of Pic(d, n) for certain d and n 
(cf. ijni ini [7] for precise statements). 

In each of these three cases, we show that under appropriate behavior of p in R C K (that 
we make exphcit in iJ51 [SI [71 respectively -see also the table below), Heegner points P G CM(i?) 
specialize to elements of S (with the obvious meaning in each case). 

This yields a map which, composed with the previously mentioned identifications CMd.n{R) — 
CM(i?) C XoiD, N){K'''') and S = \_\\=i Pic(rf, n) (i = 1 or 2), takes the form 

t 

CMDM{R)^\_\^Hd,n). (1.1) 

1=1 

Our first observation is that, although the construction of this map is of geometric nature, 
both the source and the target are pure algebraic objects. Hence, one could ask whether there is 
a pure algebraic description of the arrow itself. 

One of the aims of this note is to exploit Ribet's theory of bimodules in order to show that 
this is indeed the case, and that in fact (11.11) can be refined as follows: there exists a map 
$ : CM£)_7v(i?) — > \_fi=i^^d,n{R) which is equivariant for the actions of Pic(i?) and of the 
Atkin-Lehner groups and makes the diagram 

CMdAR) U-=i CM,,„(i?) (1.2) 



UtiPic(d,^) 

commutative (see (jSTTO)) . (I5TT2)) . (|03)) . dTJi)) and dTTTS)) ). Moreover, we show that when N is 
square free, the maps $ are bijections. 

As we explain in this article, the most natural construction of the map $ is again geometrical, 
but can also be recovered in pure algebraic terms. 

The main bulk of the article is devoted to the case p \ D; the other cases are comparatively 
much simpler and probably already known, at least partially. For the convenience of the reader, 
we summarize the situation for p \ \ DN in the following table. 



P e CM{R) 




Condition on p 


S'=Irreducible components 




P 

regular 


p\D 


p inert in K 


U-=iPic(f,A^) 


CMD,NiR) uf=i CMn jv(^) 


p\\ N 


p splits in K 


U-=iPic(Af) 














P 

singular 




Condition on p 


S'=Singular Points 




p\D 


p ramifies in K 


Pic(f,iVp) 


CMo^NiR) ^ GMj^ j^piR) 


p\\ N 


p ramifies in K 


PHDp, f) 


GMd.n{R) ^ CM^pKiR) 



Let us summarize here a weak, simplified version of some of the main results of this note. 
Theorems 15.31 15.41 15.81 and 17.21 We keep the notation as above. 

Theorem 1.1. (1) Let p \ D. 

(i) A Heegner point P G CM(i?) of Xq{D, N) reduces to a singular point of Xq{D,N) if 
and only if p ramifies in K . 

(a) Assume p \ disc(i4') and N is square-free. Then there is a one-to-one correspondence $ : 
CM(i?) CM]j/p_Np{R) which is equivariant for the action o/Pic(i?) and W{D,N). 
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(in) Assume p \ disc(_?ir) and N is square-free. Then there is a one-to-one correspondence 
$ : CM(i?) CM^j/p jv(-K) U CM£)/pjv(i?) which is equivariant for the action of 

Pic(i?) and W{D,N). 

(2) Let p I {N,disc{K)) and N be square-free. Then there is a one-to-one correspondence $ : 
CM(_R) CMDp pj/p{R) which is equivariant for the action o/Pic(i?) and W{D,N). 

The above statements are indeed a weak version of our results, specially because we limited 
ourselves to claim the mere existence of the correspondences $, whereas in ij5]and |j7]we actually 
provide explicit computable description of them in terms of bimodules. Combined with the results 
of P. Michel [TSl Theorem 10] and Shimura's reciprocity law, we also obtain the following equidis- 
tribution result, which the reader may like to view as complementary to those of Cornut-Vatsal 
and Jetchev-Kane. 

Corollary 1.2. (i) Assume p || DN and p \ disc(if). Let XQ{D,N)sing = {si,S2--- ,Sh} be 
the set of singular points of Xo(D, N) and let 11 : CM{R)^Xq{D, N)sing denote the spe- 
cialization map. Then, as disc(i^)— >oo, the sets CM(i?) are equidistributed in Xo{D, N)sing 
relatively to the measure given by 

h 

where uj^ stands for the thickness of Si. More precisely, there exists an absolute constant 
r] > such that 

(a) Assume p \ D and is inert in K. Let Xq{D, N)cc ~ {ci,C2 • • • ,Ct} be the set of connected 
components of Xq{D, N) and let He : CM{R)^Xo{D, N)cc denote the map which assigns 
to a point P G C'M{R) the connected component where its specialization lies. Then, as 
disc(-ftr)— >oo, the sets CM(i?) are equidistributed in Xq{D, N)cc relatively to the measure 
given by 

h 

where coi stands for the cardinal of the group of unites of the order in Vic{D /p, N) attached 
to Ci . More precisely, there exists an absolute constant 77 > such that 

#{PeCM{R), n,(P)^c,} 

=MGs.) + 0(d:sc(A) 

The original motivation of this research was the case of specialization of Heegner points P e 
CM(i?) on Cerednik-Drinfeld's special fiber v¥'o(-C'i ataprimep | D, particularly when p ramifies 
in R. There are several reasons which make this scenario specially interesting (beyond the fact 
that so far it had not been studied at all, as most articles on the subject exclude systematically 
this case): 

(1) Let / be a newform of weight 2 and level L > 1 such that there exists a prime p || which 
ramifies in K. Assume L admits a factorization L = DN into coprime integers D and N 
where: p \ D and D/p is the square-free product of an odd number of primes, none of which 
splits in K; all prime factors of N split in K. This is a situation in which little is known 
about the Birch and Swinnerton-Dyer conjecture for the abelian variety Af attached to / 
by Shiniura, when looked over K and over its class fields. 
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It follows that for every order i? in X of conductor c > 1 such that {c,L) — 1, CM(i?) C 
Xq{D , N){K"'^) is a nonempty subset of Heegner points. Points P e CM(_R) specialize to 
singular points on the special fiber Xo(-D, N) at p; degree-zero linear combinations of them 
yield points on the Neron model J of the Jacobian of Xi^{D,N) over Zp, which can be 
projected to the group of connected components of J . It is expected that the results of 
this paper will be helpful in the study of the position of the image of such Heegner divisors 
in $p in analogy with the work of Edixhoven in [5] (though the setting here is quite different 
from his). 

Moreover, if one further assumes that the sign of the functional equation of / is +1 (and 
this only depends on its behavior at the prime factors of D), it is expected that this can 
be related to the special values L{f /K,x,^) of the L-function of / over K twisted by finite 
characters unramified at p, as an avatar of the Gross-Zagier formula in the spirit of [Tj. If 
true, a system of Kolyvagin classes could be constructed out of the above mentioned Heegner 
divisors and a word could be said on the arithmetic oi Af. The author hopes to pursue these 
results in the work in progress |17j . 

(2) On the computational side, there is an old, basic question which seems to remain quite 
unapproachable: can one write down explicit equations of curves X(){D,N) over Q when 
D > 17 As it is well-known, classical elliptic modular curves Xq{N) Xq{1,N) can be 
tackled thanks to the presence of cusps, a feature which is only available in the case D = 1. 
Ihara [101 was probably one of the first to express an interest on this problem, and already 
found an equation for the genus curve Xo{6,l), while challenged to find others. Since 
then, several authors have contributed to this question (Kurihara, Jordan, Elkies, Clark- 
Voight for genus or/and 1, Gonzalez- Rotger for genus 1 and 2). The methods of the 
latter are heavily based on Cerednik-Drinfeld's theory for Xo{D,N) x Zp for p | and the 
arithmetic properties of fixed points by Atkin-Lehner involutions on X(){D, N). It turns out 
that these fixed points are usually Heegner points associated to fields K in which at least one 
(sometimes all!) prime p \ D ramifies: one (among others) of the reasons why the methods 
of [8] , [7] do not easily extend to curves of higher genus is the little understanding one has 
of the specialization of these points on the special fiber Xq{D,N) at p. It is hoped that 
this article can partially cover this gap and be used to find explicit models of many other 
Shimura curves: details for hyperelliptic curves may appear in I16j . For this application, 
our description of the geometrically-constructed maps $ in pure algebraic terms by means 
of Ribet's bimodules turns out to be crucial, as this allows to translate it into an algorithm. 

Notation. 

Throughout, for any module M over Z and for any prime p we shall write Mp = M ®z ^p- 
Similarly, for any homomorphism x : M^N of modules over Z, we shall write Xp • Mp-^Np for 
the natural homomorphism obtained by extension of scalars. We shall also write Z to denote the 
profinite completion of Z, and M — M ®z ^• 

For any Z-algebra T>, write = V ®i Q and say that an embedding Lp : T>i ^ 2?2 of 
Z-algebras is optimal if (p{T>^) H 2?2 = 'fii'^i) in ^2- 
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2 Preliminaries 



2.1 Quaternion orders and optimal embeddings 

Let B he a quaternion algebra over Q, of reduced discriminant D. An order O in _B is Eichler if it 
is the intersection of two maximal orders. Its index N in any of the two maximal orders is called 
its level. 

An orientation on O is a collection of choices, one for each prime p \ DN: namely, a choice 
of a homomorphism Op : O ^ ¥p2 for each prime p \ D, and a choice of a local maximal order 
Op containing Op for each p \ N. One says that two oriented Eichler orders O, O' are isomorphic 
whenever there exists an automorphism x of i? with x{^) — such that Op = o'p o x for p \ D 
and Xp(Op) ~ O'p for p \ N. Fix an oriented Eichler order O in £{D, N). 

Definition 2.1. For a projective left O-ideal / in B, let / * O be the right order O' of / equipped 
with the following local orientations at p \ DN. Since / is locally principal, we may write Ip = OpUp 
for some ap G Bp^ so that O'^ = a~^Opap. For p \ D, define Op(a~^xap) = Op{x). For p \ N, 
define O'p — a~^Oap. 

As in the introduction, let R be an order in an imaginary quadratic field K. Two local 
embeddings (j)p,ipp : Rp ^ Op are said to be equivalent, denoted (pp ~p 0p, if there exists A G Op 
such that (f>p = \(pp\~^ . Let us denote by irip the number of equivalence classes of such local 
embeddings. Note that, in case p \ D oi p \\ N , we have mp G {0,1,2} by [24l Theorem 3.1, 
Theorem 3.2]. We say that two global embeddings (t),(p : R ^ O are locally equivalent if ipp ^p 0p 
for all primes p. 

By [24l Theorem 5.11], there is a faithful action of Pic(_R) on CM£)jv(i?), denoted [J] * ip for 
[J] G Pic(i?) and (p £ CMd, n{R)- It can be explicitly defined as follows: ii f : R ^ O, let 
[ J] * O = 0(p{J) * O and let [J] * (p : R ^ [J] * O he the natural optimal embedding 

i? ^ {x e B, : Oip{ J)x C Oip{ J)}. 

The action of Pic(i?) preserves local equivalence, and in fact 

#CMDMiR) ^h{R) Yl mp, (2.3) 

p\DN 

where h{R) — ^Pic{R) is the class number of R. 

For each || DN, there is also an Atkin-Lehner involution Wp^ acting on CM/j jv (i?) , which 
can be described as follows. Let denote the single two-sided ideal of O of normp". Notice that 
*Pe) * O equals O as orders in B, but they are endowed with possibly different local orientations. 
Given ip e CMo{R) C CM£)^n{R), Wp^ maps ip to the optimal embedding Wp^{(p) : R ^ *Pc) * O, 
where Wpn (ip) is simply ip as ring homomorphism. 

In the particular case p \\ DN and mp = 2, the involution Wp switches the two local equivalence 
classes at p. 

For any m \\ DN we denote by Wm the composition Wm = Ilp^iim^p"- The set W{D,N) = 
{wm ■ rn II DN} is an abelian 2-group with the operation WmWn — Wnm/im,ny, called the 
Atkin-Lehner group. 

Attached to the order R, we set 

D{R)= H p, N{R)= H p, 

p\D,mp=2 p"\\N,7np=2 

and 

WD,NiR) = {wm G WiD,N) : m \\ D{R)N{R)}. 

Suppose that N is square free. Since Pic(i?) acts faithfully on CMj) jv(-R) by preserving local 
equivalences, and Atkin-Lehner involutions Wp G W{R) switch local equivalence classes at p, 
it follows from (|2.3p that the group Wd,n{R) x Pic(i?) acts freely and transitively on the set 
CMD,NiR). 
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2.2 Shimura curves 

Assume, only in this section, that B is indefinite. By an abelian surface with quaternionic multi- 
plication (QM) by O over a field K, we mean a pair {A,i) where 

i) A/K is an abelian surface. 

ii) i : O ^ End(A) is an optimal embedding. 

Remark 2.2. The optimality condition i{B) n End(A) = i{0) is always satisfied when O is 
maximal. 

For such a pair, we denote by End(A, j) the ring of endomorphisms which commute with z, 
i.e., End(A, i) = {4, £ End(A) : 4> o i{a) = i{a) o for all a G O}. 

Let us denote by Xq{D,N)/Z Morita's integral model (cf. [5], [T^) of the Shimura curve 
associated to O. As Riemann surfaces, Xo{D,N)c = ToiD,N)\n if D > 1; Xo{D,N)c = 
ToiD, A^)\(HUPi(Q)) if D = 1. Fixing an isomorphism B®M ~ M2(K), the moduli interpretation 
of Xo{D, N) yields a one-to-one correspondence 

r (D N)\H <^'^> / ^^"^^i^^^ surfaces {A,i)/C with 1 / ~ 
" 1 quaternionic multiplication by O J 

[r] ^ [A^ = C^Ar, tr] 



where i = ir arises from the natural embedding O B ^ M2(M) and Ar — i{0) -v ior v ~ 

Above, two pairs {A, i) and [A' , i') are isomorphic if there is an isomorphism cf) : A — > A' such 
that (j)oi(a) = i'ia) o<j) for all a G C Throughout, we shall denote by P = [A^i] the isomorphism 
class of {A, i), often regarded as a point on Xo{D, N). 

A (non-cusp) point P = [A, i] G Xo(D, N){C) is a Heegner (or CM) point by R if End(A, i) ~ 
R. We shall denote by CM(i?) the set of such points. By the theory of complex multiplication, we 
actually have CM(i?) C Xo{D, N){Q). As it is well known, there is a one-to-one correspondence 

CM{R) ^ CMd,n{R) 
P=[{A,t)] ^ ^^-^^ 

where 

ifiP : R~ End(A,i) ^ Endo(i?i(A, Z)) ^ O. 

Throughout, we shall fix the isomorphism R 2± End(A, i), to be the canonical one described in 
[I2l Definition 1.3.1]. 

Let P = [A,i] = [Arjir] G CM{R). Via tpp, we may regard O as a locally free right i?-module 
of rank 2. As such, 

O ~ i? © e/, 

for some e € B and some locally free i?-ideal / in K. This decomposition allows us to decompose 

Ar = i{0)v = i{ippR)v © e • i{(ppl)v. 

Since R End{A,i) and i{0) (g) R = M2(M), it follows that i{(ppK) C C '^'H? M2(C). Hence 
At = i{ippR)v © i{ippl)ev and A is isomorphic to the product of two elliptic curves with CM by 
R, namely E = C/R and Ej = C//. Moreover, the action of O on i? x £'7 induces the natural 
left action of O on i? © e/. 
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3 Bimodules: Ribet's work 



3.1 Admissible bimodules 

Let Z denote either Z or Zp for some prime p. Let O be an Eichler order and let 5 be a maximal 
order, both over Z, in two possibly distinct quaternion algebras B and H. By a (O, iS)-bimodule 
M. we mean a free module of finite rank over Z endowed with structures of left projective O- 
module and right (projective) iS-module. For any (O, iS)-bimodules M. and TV, let us denote by 
Homo(A^, A/") the set of (0, tS)-bimodule homomorphisms from M. to A/", i.e., Z-homomorphisms 
equivariant for the left action of O and the right action of S. \i M. ^ A/", we shall write EndQ(A^) 
for Homg(A/(,7U). 

Notice that, since S is maximal, it is hereditary and thus all iS-modules are projective. Note 
also that (O, iS)-bimodules are naturally O (E> iS-modules. 

Let S be the (possibly empty) set of prime numbers which ramify in both O and S. For p in 
S, let *Pc) and denote the unique two-sided ideals of O and S, respectively, of norm p. 

Definition 3.1. An (0, 5)-bimodule Ai is said to be admissible if ^o-M = M'^s for all p G S. 

Remark 3.2. Let be a (O, iS)-bimodule of rank An over Z, for some n > 1. Since A4 is free 
over Z, M is also free over S as right module, by [6j. Up to choosing an isomorphism between 
M. and 5", there is a natural identification Y,ivds{M.) — M{n, S). Thus, giving a structure of left 
O-module on A4 amounts to giving a homomorphism f : O ^ M{n,S). 

Since Eichler orders are Gorenstein (cf. |TT]), the O-module A4 is projective if and only if 
/ is optimal. In particular, we conclude that the isomorphism class of a (O, iS)-bimodule A4 
is completely determined by the GL{n, S')-conjugacy class of an optimal embedding f : O ^ 
AI{n,S). Finally, in terms of /, A4 is admissible if and only if /(^o) = M{n,'^s) for all p G S. 

We now proceed to describe Ribet's classification of -local and global- admissible bimodules. 
Let p be a prime. Let O denote the maximal order in a quaternion division algebra B over Qp. 
Let ^ = O • TT be the maximal ideal of O and let Fp2 be the residue field of *p. 

Theorem 3.3. f21\ Theorem 1.2] Assume Z = Zp, B is division over Qp and O is maximal in 
B. Let A4 be an admissible (O , O) -bimodule of finite rank overlap. Then 

M = p X ■ ■ ■ X q X q3 X ■ • • X <p, 

r factors s factors 

regarded as a bimodule via the natural action of O on O itself and on ^ given by left and right 
multiplication. In that case, we say that a {O , O) -bimodule M. is of type {r,s) 

Using the above local description, Ribet classifes global bimodules of rank 8 over Z in terms 
of their algebra of endomorphisms, provided O is maximal. Hence, assume for the rest of this 
subsection that Z = Z and O is maximal in B. Write Db = disc(i?), Dh = disc(iJ) for their 
reduced discriminants. Let A4 he a. (0, 5)-bimodule of rank 8, set 

n p 

p\DbDh,p<^^ 

and let C be the quaternion algebra over Q of reduced discriminant D-^ . Note that the class of C 
in the Brauer group Br(Q) of Q is the sum of the classes of the quaternion algebras B and H . 
We shall further assume for convenience that Dq^ ^ 1, i.e., B :^ H. 

Proposition 3.4. fM Proposition 2.1] End|(A^) ® Q ~ C and the ring Endo(A/() is an Eichler 
order in C of level Wf^Pk, where pk are the primes in S .such that A4p^ is of type (1, 1). 

Assume now that O and S are equipped with orientations. According to [HI p. 17], the Eichler 
order A = End^(A4) is endowed with orientations in a natural way, and the isomorphism class of 
A4 is determined by the isomorphism class of A as an oriented Eichler order. 

Let A^Q^ be the product of the primes pk in E such that A^p;, is of type (1,1). 
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Theorem 3.5. ]21l Theorem 2.4] The map A4 ^ A induces a one-to-one correspondence between 
the set of isomorphism classes of admissible rank-8 bimodules of type {rp,Sp) at p ^Yi, and the 
set Pic{D^ , N^) of isomorphism classes of oriented Eichler orders. 

3.2 Supersingular surfaces and bimodules 

Let p be a prime and let F be a fixed algebraic closure of Fp. An abelian surface A/¥ is supersingular 
if it is isogenous^ to a product of supersingular elliptic curves ove£ F. Given a supersingular 
abelian surface A, one defines Oort's invariant a{A) as follows. If A is isomorphic to a product 
of supersingular elliptic curves, set a{A) — 2; otherwise set a{A) — 1 (see [131 Chapter 1] for an 
alternative definition of this invariant). 

Let B be an indefinite quaternion algebra over Q, of reduced discriminant D. Let > 1, 
iN,pD) = 1 and let O G £{0, N). 

In this subsection we shall consider pairs (A, i) of supersingular abelian surfaces with QM by 
O over F such that a{A) = 2. By a theorem of Deligne (cf. 121 Theorem 3.5]) and Ogus [H 
Theorem 6.2], A ^ E x E, where E is any fixed supersingular elliptic curve over F. 

Let us denote by 5 = End{E) the endomorphism ring of E. According to a well known theorem 
of Deuring 5 is a maximal order in the quaternion algebra H = S (E) Q, which is definite of 
discriminant p. Therefore, giving such an abelian surface (A, i) with QM by O is equivalent to 
providing an optimal embedding 

1:0 — > A/(2, S) ~ End(I), 
or, thanks to Remark l3.2[ a (0, 5)-bimodule Ai of rank 8 over Z. 

Remark 3.6. The maximal order S comes equipped with a natural orientation at p, and therefore 
can be regarded as an element oi £{p,l). This orientation arises from the action of 5 on a suitable 
quotient of the Dieudonne module of the elliptic curve E, which turns out to be described by a 
character S —>■ Fp2 . See [HI p. 37] for more details. 

Let A4 — A^(J7') be the bimodule attached to the pair {A,i) by the above construction. Then 

Endo(7W) ~ {7 e Af (2,5) ~ End(l) | 7 ol{a) =T(a) o 7, for all a e O} = End(l,7). (3.5) 

The above discussion allows us to generalize Ribet's Theorem 13.51 to (O, iS)-bimodules where 
O is an Eichler order in B of level A^, {N,p) — 1, not necessarily maximal. Keep the notation E, 
Lif^ and as in gST] 

Theorem 3.7. The map M M> EndQ(A^) induces a one-to-one correspondence between the set 
of isomorphism classes of admissible (O, S)-bimodules M of rank 8 over Z and of type (r^, Sp) at 
p € Tj, and the set Pic(I?g^, AAq^) of isomorphism classes of oriented Eichler orders. 

Proof. Given as in the statement, let {A,i) be the abelian surface with QM by O over F 
attached to Ai by the preceding discussion. As explained in Appendix A, there^is a one-to-one 
correspondence between isomorphism classes of such pairs {A,i) and triples {AQ,iQ, C), where 
{Ao,io) has QM by a maximal order Oq ^ O and C is a ro(A)-level structure. 

Using Theorem 13. 51 Ribet proves that End(Ao, io, C) C End(Ao, ?o) is an Eichler order of level 
A'A^o and that such triples are characterized by their class in Pic(Z?f^, NN^). We refer the reader 
to [HI Theorem 4.15] for p ] D and to [HI Theorem 3.4] iovp\D. 

Finally, End(A, z) = End(Ao,io,C) by Proposition 17.31 in Appendix A. This yields the desired 
result. □ 
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4 Supersingular specialization of Heegner points 



As in the previous section, let p be a prime and let F be a fixed algebraic closure of Fp. Let B be an 
indefinite quaternion algebra over Q of discriminant D. Let N > 1, {D, N) — 1 and O G £{D, N). 
Let P = [A, i] € Xq{D, N){Q) be a (non-cusp) point on the Shimura curve Xq{D, N). Pick a field 
of definition M of {A,i). 

Fix a prime *P of M above p and let A denote the special fiber of the Neron model of A at *p. 
By f20l Theorem 3], A has potential good reduction at *p. Hence, after extending the field M if 
necessary, we obtain that A is smooth over F. 

Since A has good reduction at *P, the natural morphism (p : End{A) ^ End(A) is injective. 
The composition i = (poi yields an optimal embedding i : O ^ End(^) and the isomorphism class 
of the pair [A, i) corresponds to the reduction P of the point P on the special fiber Xq{D, N) of 
Xo{D,N)/Z at p. 

Let us denote by (pp : End(^,i) ^ End(^,i) the restriction of (j> to End(^,?). 

Lemma 4.1. The emheddings cp and <pp are optimal locally at every prime but possibly at p. 

Proof. We first show that (pi is optimal for any prime t ^ p- For this, let us identify End°(>l)£ 
with a subalgebra of End°(A)£ via (p, so that we must prove that End°(A)^ nEnd(A)£ = End(A)£. 
It is clear that End°(A)f n End(A)f D End(A)£. As for the reversed inclusion, let a G End"(A)£ n 
End(A)f and let M be a field of definition of a. Due to good reduction, there is an isomorphism 
of Tate modules Ti{A) = Ti{A). Faltings's theorem on Tate's Conjecture [23l Theorem 7.7] 
asserts that EndM(^)^ = EndGM(^f(^)) ^ Eiid(rf(A)), where Gm stands for the absolute Galois 
group of M and Endc^j- (T^(A)) is the subgroup of End(T^(v4)) fixed by the action of Gm- Since 
a S End5(,j(A)£, there exists n G Z such that na S EndM(^)£ = Endcjj^ (T£(^)). By hypothesis 
a e EndF(A)(; C End(T(;(y4)), hence it easily follows that a G EndGMC^X^)) = EndA/(A)^ C 
End(A),. 

This shows that (pi is optimal. One easily concludes the same for {(pp)i by taking into account 
that End(A, i) = End(I,I) n End(A). □ 

Remark 4.2. Notice that if End(j4,i) is maximal in End°(A,i), the embedding (pp is optimal. 
In fact, if End(A, i) is not maximal in End'^(j4, i) the embedding <pp may not be optimal at p. For 
example, let R be an order in an imaginary quadratic field K of conductor cp' , let ^ ~ x _E where 
E is an ehiptic curve with CM by R and let i : M2(Z) ^ M2{R) = End(A). Then End(A, i) ~ R 
whereas, iip is inert in if, End(A, i) g f (p, 1). Thus if (pp was optimal, it shall provide an element 
of CMp_i(i?) which is impossible by [24, Corollairc 5.12]. 

Let P = [A,i\ e CM(i?) C Xn{D,N){C) and denote by c the conductor of R. In g^we 
proved that A ^ E x Ej where E ~ C/R,Ei — C/I are elliptic curves with CM by R. Here / is 
a projective i?-ideal in K. 

Assume that p is coprime to cN and does not split in K. Then A E x Ej isji product 
of supersingular elliptic curves over F. Let S £ £{p,l) be the endomorphism ring of E endowed 
with the natural orientation described in ij3.2l Since a{A) = 2, we can assign a (0, 5)-bimodule 
A4 = M.p to P = [A, i] as in the previous section. 

Theorem 4.3. (a) There exists an optimal embedding : R ^ S such that, for all P £ CM(i?), 



where S is regarded as left R-module via ip and O as right R-module via ipp . 
(b) Upon the identifications p.Sp and (|4.6p . the optimal embedding (pp is given by the rule 



(4.6) 



R 

6 ^ 



(pp{5) : a ® s ^ a5 ® s, 



up to conjugation by Endo(0 ®r S) 
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Proof. As explained in ij3.21 the isomorphism class of the bimodule A4p is completely determined 
by the optimal embedding i : O — > End(74) — Af (2, S), which in turn is defined as the composition 
of i with (j) : End(A) ^ End(l). 

More explicitly, as described in W2.21 the action oi O on A ~ E x Ej given by the embedding 
i : O ^ End(A) ~ End(£' x Ej) can be canonically identified with the action of O on the right 
i?-module O ~ i? © e/ given by left multiplication {a, x) i-^ a ■ x, where here O is regarded as a 
right i?-module via ipp. Therefore, the embedding i : O — > M(2,S) is the one induced by the 
action of O given by left multiplication on the iS-module {R ® el) (^h S = O (E)r <S, where S is 
viewed as a left i?-module via ip : End(i?) ~ i? ^ End(i?) ~ S. This shows that Mp = O (g)^ S. 

Finally, since the action of <5 G i? ~ End(i? x Ej, i) on E x Ej is naturally identified with the 
action of (5 on O ~ R®el given by right multiplication, the optimal embedding R ^ End^ {0®rS) 
arising from (pp : End(A, i) ^ End(A, i) is given by (j)p{5){a ® s) — aS ® s. This endomorphism 
clearly commutes with both (left and right) actions of O and S. Moreover this construction is 
determined up to isomorphism of (0, 5)-bimodules, i.e. up to conjugation by EndQ(A^p)'*. □ 

4.1 The action of Vic{R) 
Definition 4.4. For a (0, 5)-bimodule M, let 

• Pic^(A^) denote the set of isomorphism classes of (O, iS)-bimodules that are locally isomor- 
phic to A^, 

• CM^(i?) denote the set of EndQ(A^)^-conjugacy classes of optimal embeddings if : R ^ 
End${M), 

• CM^5(i?) = {(A/',V) : AAe Picf,(7W),V e CMA/-(i?)}. 

Let P = [A,i] £ CM(i?) be a Heegner point and let M-p be the (O, iS)-bimodule attached to 
its specialization P — [A, i] at p as described above. 

By Theorem 14.31 the bimodulde Mp and the EndQ(7Wp)^-conjugacy class of 0p : R ^ 
EndQ(A^p) are determined by the optimal embedding (pp G CMp,,NiR)- Hence specialization at 
p induces a map 

•P : CMd,n{R)^ U CM^5(i?), ifiP^iMp, (4.7) 

M 

where Ai runs over a set of representatives of local isomorphism classes of (O, iS)-bimodules arising 
from some ipp G CM£i,jv(-R). Note that composing (j) with the natural projection 

7r:UCM^5(i?)^yPic§(M), {M,^)^M, (4.8) 

M M 

one obtains the map pp i-^ Aip which assigns to pip the bimodule that describes the supersingular 
specialization of the Heegner point associated to it. 

For any locally free rank-1 left O-module /, let us consider the right O-module 

I-^ = {xeB : IxC O}. 

It follows directly from Definition 12.1 1 that I*0 coincides with the left order of /^^, endowed with 
the natural local orientations. 

Lemma 4.5. There is an isomorphism of {I * O , I * 0)-bimodules between I * O and (E)o I ■ 

Proof Since I * O ^ {x e B : Ix C 1} ^ {x e B : xJ-^ C /-i}, both I*0 and /"^ (E)o I are 
{I * 0,I * C')-bimodulcs with the obvious left and right (/ * C')-action. Moreover, by definition, 

r'^ ®o I = {x £ B ®o I = B : Ix<ZO®oI = I} = I*0, 

which proves the desired result. □ 
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Theorem 4.6. fM Theorem 2.3] Let M be a {0,S)-himodule and let A = End|(A^). Then the 
correspondence Af i— > HomQ(y\4, A/") induces a bijection between PicQ^Ad) and the set of isomor- 
phism classes of locally free rank-1 right A-modules. 

The one-to-one correspondence is given by: 

TV /(AA) =Homg(7W,AA)) 

J\f{I) ^I®^M ^ I 

We can define an action of Pic(i?) on CM.^ g{R) wfiicfi generalizes the one on Cy[o,N{R)- Let 
(TV, V' : i? A) G CM^siR) where TV G Pic|(TW) and A = Endo(TV). Pick a representant J 
of a class [J] G Pic(i?). Then V'(>/^^)A is a locally free rank-1 right A-module. Write [J] * Af := 
-0(J"^)A(8)aTV e PiCo(TW) for the element in Pic^ (Ai) corresponding to it by the correspondence 
of Theorem 14.61 Note that this construction does not depend on the representant J, since [J] *TV 
only depends on the isomorphism class of the rank-1 right A-module ip{J~'^)A. Since R acts on 
ip{J~^)A, there is an action of R on ip{J~^)A (8>aTV which commutes with the actions of both O 
and iS. This yields a natural embedding [J]*'ip : R^ EndQ([J] *TV), which is optimal because 

{xeK : iJ;{x){i;{J-^)A ®a M) C V(J~^)A ®a A/"} = R, 

and does not depend on the representant J of [J]. Hence, it defines an action of [J] G Pic(i?) on 
(A/", V) G CM^5(i?). Namely [J] * (A/", V) = i[J]* AT, [J] * V) e CM^5(i?). 

Given that both sets CMo^NiR) and CM^5(i?) are equipped with an action of Pic(i?), 
it seems reasonable to ask about the behaviour of the action of Pic(i?) under the map </> : 
CMc,Ar(i?)^lJ^ CM^siR) of gJl). This is the aim of the rest of this subsection. 

Recall that, B being indefinite, the orders O and I * O are isomorphic for any locally free left 
O- module / of rank 1. 

Lemma 4.7. Let Ad be a {0,S)-bimodule and let I be a locally free left-O-module of rank 1. Then 
®0 A4 admits a structure of (/ * O, S)-bimodule and the isomorphism O ^ L *0 identifies the 
{0,S)-bimodule A4 with the (I * O , S) -bimodule I^^ Ai. 

Proof. Since B is indefinite, Pic(D, TV) = 1 and / must be principal. Write / = Oj. Then 
I — j^^O-f and the isomorphism / * C ^ O is given by 7~^a7 i— J> a. Finally, the isomorphism 
of Z-modules 

/"^ ®oAi — > A4 

j5 (i) m I — > j3m 

is compatible with the isomorphism I * O = O described above. □ 
Theorem 4.8. The map (f> : CMd.n{R) — > \_\m ^^o'.siR) satisfies the reciprocity law 

for any ip : R ^ O in CMi3^jv(i?) and any [J] G Pic(i?). 
Proof. The map (j) is given by 

0: CMd,n{R) Ua4CM^5(^) 

{(p-.R'^O) I — > {0®RS,(t)^ : R^End%{0®RS)) 

Let (p : R ^ O denote the conjugacy class of an embedding in CMd, n{R) and let [J] G Pic(i?). 
Write [J]*(p:R^[J]*0 for the embedding induced by the action of [J] on (p. By Lemma l475l 

([J] * o) (E)R s = {if{.r^)o ®o Oip{j)) ®R s. 
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Then Lemma H771 asserts that, under the isomorphism [J] * O = O, the ([J] * 0, 5)-bimodule 
{(f{J~^)0(i^oO(p{J))(SRS is naturally identified with the (0, 5)-bimodule Oip{J)®RS. Moreover, 
the embedding iplJ]*^ is given by 

R ^ Endg(C'^(J) 

S I — > {aip{j) (Si s 1-^ a(p{j6) s). 

Setting A — End^(C' (g)^ S), we easily obtain that 

Oip{ J) S = 0((p)( J)A (g)A {O 5) = [J]-^ * (O ®fl 5). 

Finally, since the action of (f>ij]*ip{R) on [J]^^ * {O (Sr S) is given by the natural action of R on 
J, we conclude that 4){[J] * (p) — [J]^^ * <t>{f)- 

□ 

Let M. be an admissible (0, 5)-bimodule of rank 8. By Theorem 13.71 the map M. i — > 
Endo(A^) induces a one-to-one correspondence between the sets V\c%{M.) and Pic(-Do^, A''A''q^), 
where and A^q^ were already defined in Sj3l This implies that the set Cyi^g{R) can be 
identified with CMj^yn j^M[^{R), under the above correspondence. 

Both sets are endowed with an action of the group Pic(i?). We claim that the bijection 

CM^5(i?) CM^^^^^^^iR) (4.9) 

is equivariant under this action. 

Indeed for any [J] G Pic(i?) and any {N,ip : R End|(7V)) in CM^5(i?), Theorem US] 
asserts that Homg(A/', [J] * N) = J"^)Endf,(7V). Therefore 

End|,([J] * A/") = {p G Endf (A/"") : pHomg(A/', [J] * A/") C Homg(A/', [J] * A/")} = [J] * End|,(A/'), 

which is the left Eichler order of '0(J~^)EndQ(7V). Moreover, [J] * -0 arises from the action of R 
on ■(/;( J~^)Endo(A/') via -0- In conclusion, both actions coincide. 

Corollary 4.9. Assume that for all P G CM(i?) the bimodules M.p are admissible. Then the 
map (j) : CMjj,n{R)^\_\m CM^jai jyiv^ (^) j satisfies 0([J] *ip) ~ [J]^^ *<l){(p), for any ip : R ^ O 
in CMd,n{R) and any [J] G Pic(i?). 

4.2 Atkin-Lehner involutions 

Recall from iJ2.1l that the set of optimal embeddings CMu,n{R) is also equipped with an action of 
the group W{D,N) of Atkin-Lehner involutions. Let q \ DN, q ^ p he a. prime and let n > 1 be 
such that q" II DN. For any (O, iS)-bimodule A4, there is a natural action of Wq^ on CMQ^g{R) 
as well, as we now describe. 

Let Qo be the single two-sided O-ideal of norm g". Let {M.ip-.R^ End|,(7V)) G GlA^^s{R). 
Since 0o is two-sided, Qo ®o A/" acquires a natural structure of (O, iS)-bimodule. 

Recall that O equals * as orders in B. Hence the algebra End^(l3o ^o-N") is isomorphic 
to End|^,o(0o ®0 A/") = EndS(A/') by Lemma 

Moreover, the bimodule Qo ®o A/" is locally isomorphic to TV at all places of Q except possibly 
for q. Since we assumed q ^ p, there is a single isomorphism class locally at q. Hence we 
deduce that Ho ®0 A/" G V\Cq{M). Thus Wqr^ defines an involution on GM'^g{R) by the rule 
Wg-(A/',0) = (Qo <8'o A/',0). 

We now proceed to describe the behavior of the Atkin-Lehner involution Wqn under the map 

0: CMi3.jv(i?)-^|JCM^5(i?) 

M 

introduced above. 
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Theorem 4.10. For all if : R ^ O in GMd,n{R), 

Proof. For any ip e CMd,n{R), let Wg^ (ip) : R '-^ Qo * O as in iJHH Set 0((^) = (O (g)R S,(j)^). 

As ring mononiorphisms, ip eqvLd\s Wqn{ip). Hence, (j3{wqn{ip)) ~ {{£lo*0)(^iiS,(l),^). Applying 
Lemma l475l we obtain that 

By Lemma l477l the (Oo * O, iS)-bimodule {Qq^ ®o O.0) ®rS) corresponds to the (O, iS)-bimodule 
Qo'^rS ^ £lo <8)o (O (S)R S). Thus we conclude that (j){wq^{(p)) = (0o (S)o {O ®RS),(j)^) = 

Wq^{<P{^)). □ 

Remark 4.11. We defined an action of Wq^ on CM^g(i?) for any (0, 5)-bimodule M.. Returning 
to the situation where M is admissible, one can ask if, through the correspondence CM^^(i?) o 
GMjjM jqMjq^R) of (14. 9p . this action agrees with the Atkin-Lehner action Wqr^ on GMjjm j^jmj^j^R). 

Indeed, let (A/", V) e CM^5(i?) and set A = Endf,(A/') S Pic(D^, TVq^TV). Since Wq^{N,i>) = 
(Qo C^o A/", -0), we only have to check that Oa := HomQ(A/', Qo ®o A/") is a locally free rank-1 
two-sided A-module of norm g" in order to ensure that End^(i3c) ®0 A/") = 0a * A. 

Since Oa is naturally a right Endf)(0c'Cg)c)7V)-module and A equals End§(Qc)(g)c)A/') as orders 
m End^lA/'O), we conclude that Qa is two-sided. In order to check that Qa has norm g", note 
that Qa coincides with HomQ(0c' ®o A/", (Qo (g>c) Qo) ®o A/") as ideals on the ring A. Hence 

Ql = Homg(Qo ®o A/", g'W) • Hom|,(AA, Qo ®o A/") = Homg(A', g'W) = g"A. 

5 Cerednik-Drinfeld's special fiber 

In this section we exploit the results of §4] to describe the specialization of Heegner points on 
Shimura curves Xq{D, N) at primes p\ D. In order to do so, we first recall basic facts about the 
moduli interpretation of Cerednik-Drinfeld's special fiber of Xq{D,N) at p. 

Let p be a prime dividing D, fix F an algebraic closure of Fp and let Xo{D, N) = Xo{D, N) x 
Spec(Fp). By the work of Cerednik and Drinfeld, all irreducible components of Xo{D,N) are 
reduced smooth conies, meeting transversally at double ordinary points. 

Points in Xo{D, N){¥) parameterize abelian surfaces {A,i) over F with QM by O such that 
TraceF(j(a) | Lie(A)) = Tr(a) £ Q for all a G O. Here Tr stands for the reduced trace on O. 

It follows from [2TJ Lemma 4.1] that any abelian surface with QM by O in characteristic p \ D 
is supersingular. Moreover, singular points of Ao(-D, A^) correspond to abelian surfaces {A,i) with 
QM by O such that a{A) = 2 and their corresponding bimodule is admissible at p, of type (1, 1) 
(c.f [2TI Section 4]). Observe that p is the single place at which both O and S ramify. Hence for 
such bimodules M we have E — {p}, = D/p and = p in the notation of §3.11 

Remark 5.1. In Ribet's original paper [21], singular points are characterized as triples [Aq, io, C] 
where (^Oj*o) is an abelian surface with QM by a maximal order and C is a ro(A)-structure. 
According to Appendix A, we can construct from such a triple a pair (A, i) with QM by O such 
that End(^, i) = End(ylo, zq, C). 

Let P = [A, i] G CM(i?) be a Heegner point and let (pp S CMD.Ar(i?) be the optimal embedding 
attached to P. It is well know that if such an optimal embedding exists, R is maximal at p and p 
either ramifies or is inert in K (cf. [2H Theorem 3.1]). Thus, [A,i] is supersingular in Xo{D,N) 
and the bimodule associated to P is Aip = O (E}r S, by Theorem 14.31 Moreover, by Remark 14.21 
the embedding (f)p is optimal. 

Proposition 5.2. Assume that p ramifies in K . Then A4p is admissible at p and {Mp)p is of 
type (1,1). Furthermore, the algebra Endg(A^p) admits a natural structure of oriented Eichler 
order of level Np in the quaternion algebra of discriminant ^. 
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Proof. Since Op = Sp is free as right i?p-module, we may choose a basis of Op over Rp. In terms of 
this basis, the action of Op on itself given by right muhiphcation is described by a homomorphism 

f :Op^ M{2,Rp). 

Since p ramifies in K, the maximal ideal pQ of Op is generated by an uniformizer tt of Rp (cf. 
Pi[ CoroUaire II. 1.7]). This shows that /(poj C M{2,iiRp). 

This allows us to conclude that M.p is admissible at p. Indeed, in matrix terms, the local 
bimodule TWj, is given by the composition of / with the natural inclusion M{2,Rp) ^ M{2,Sp). 
Notice that Af(2,7ri?p) is mapped into M{2,pSp) under that inclusion. 

In order to check that Vp — 1, reduction modulo po^ yields an embedding 

f:0/po-^M{2,¥p) 

because the residue field of K at p is the prime field ¥p. After extending to a quadratic extension of 
Fp, this representation of O/po — Fp2 necessarily splits into the direct sum of the two embeddings 
of Fp2 into F. On the other hand, we know that Aip = Op x p^^ with s + r = 2. Consequently, 
we deduce that Mp = Op x pOp and Mp is of type (1, 1). 



Finally, since in this case Dq = — and A^o = Pi it follows from Theorem 13.71 that EndQ(A^) G 
£{D/p,Np). " □ 

Theorem 5.3. A Heegner point P € CM(i?) of Xo{D, N) reduces to a singular point of Xo{D, N) 
if and only if p ramifies in K . 

Proof. As remarked above, p is inert or ramifies in K. Assume first that p ramifies in K. Then 
by Proposition 15.21 the bimodule is admissible at p and of type (1, 1). It follows from [211 
Theorem 4.15, Theorem 5.3] that the point P e Xq{D,N) is singular. 

Suppose now that P = [A, i] is singular. Then its corresponding (0, 5)-bimodule M.p is ad- 
missible at p and of type (1, 1). Thus End(A, i) = Endf)(A4p) G V\c{D/p, Np) and the conjugacy 
class of the optimal embedding (j)p : R ^ EndQ{Mp) is an element of CMn j^p{R). If such an 
embedding exists, then p can not be inert in K thanks to 24] Theorem 3.2]. Hence p ramifies in 
K. □ 

That points P G CM(i?) specialize to the non-singular locus of Xq{D, N) when p is unramified 
in K was already known by the experts (cf. e.g. [13]) and can also be easily deduced by rigid 
analytic methods. The novelty of Theorem 15. 31 is the converse. 



5.1 Heegner points and the singular locus 

As explained before, singular points of Xq{D,N) are in one-to-one correspondence with isomor- 
phism classes of (O, iS)-bimodules which are admissible at p and of type (1, 1). By Theorem 13. 7i 
such an isomorphism class is characterized by the isomorphism class of the endomorphism ring 
Endf,(A4), which is an oriented Eichler order of level Np in the quaternion algebra of discrim- 
inant D/p. Thus the set Xo{D, N)sing of singular points of Xo{D,N) is in natural one-to-one 
correspondence with Pic(D/p, Np). 

Let P = [A,i] G CM(i?) be a Heegner point. As proved in Theorem 15. 3[ P specializes to 
a singular point P if and only if p ramifies in K. If this is the case, the optimal embedding 
4>p : R ^ EndQ(A^p) provides an element of GMo j\jp{R)- 

Therefore, the map 4> of (|4.7p . which was constructed by means of the reduction of Xo{D, N) 
modulo p, can be interpreted as a map between CM-sets: 

$ : CMdm{R) CM^^^p(i?). (5.10) 

Moreover, composing with the isomorphism CM(i?) ~ CM£)jv(i?) of (12.41) and the projection 
TT : CM o j^p{R)^Pic{ J , Np) of ([IS]), the resulting map CM{R)^Fic{j, Np) describes the spe- 
cialization of P G CM{R) at p. 
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Theorem 5.4. The map $ : CMd, n{R) — > CMn j^p{R) is equivariant for the action ofW{D, N) 
and, up to sign, o/Pic(i?). More precisely: 

$([J] * ^) = [J]-l * $(<^), ^Wmi^)) = Wmm^)) 

for all m || DN, [J] G Pic(-R) and (p : R ^ O in CMj:)^n{R). Moreover, if N is square free, $ is 
bijective. 

Proof. The statement for Pic(i?) is Corollary 14.91 It follows from Theorem 14.101 and Remark 14.111 
that <^{wmif)) = w„,{<^{ip)) for aU m || ND/p. Since p ramifies in Wp G W{D, N) ^ W{j,Np) 
preserves local equivalence by 24, Theorem II. 3.1] . Hence the action of Wp coincides with the action 
of some [^] e Pic(i?). This shows that ^{wmif)) = for all m || ND. 

Finally, in order to check that $ is a bijection when N is square free, observe that Pic(i?) x 
Wd,n{R) — Pic(i?)x acts freely and transitively both on CMD_Ar(i?) and on CM ^ ^^^(i?) 

n 

5.2 Heegner points and the smooth locus 

In [3T1 §4], Ribet describes the smooth locus Xo{D, N)ns of Xo{D, N) in terms of abelian surfaces 
(A, i) with QM over F. We proceed to summarize the most important ideas of such description. 

Let {A,i) be an abelian variety with QM by O. By [5T1 Propositions 4.4 and 4.5], the iso- 
morphism class [A,i] defines a non-singular point P G Xo{D, N)ns if and only if A has exactly 
one subgroup scheme Hp, which is O-stable and isomorphic to Up. There ap stands for the usual 
inseparable group scheme of rank p. Furthermore, by considering the quotient B = A/ Hp and 
the embedding j : O ^ End^S induced by i, we obtain an abelian surface {B,j) with QM such 
that a{B) = 2. The pair {B,j) defines an admissible bimodule = -^(g j) which has either 
type (2,0) or type (0,2). 

The set of irreducible components of X(){D,N) is in one-to-one correspondence with the set 
of isomorphism classes of admissible (O, iS)-bimodules of type (2,0) and (0,2). With this in 
mind, the bimodule Ai^ determines the component where the point P lies. Moreover, the Atkin- 
Lchner involution Wp G FindQ{Xo{D, N)) maps bimodules of type (2,0) to those of type (0,2), 
and viceversa. By Theorem 13.71 such bimodules M^p are characterized by their type and their 

endomorphism ring End^lAi^p ^^^) — Find{B,j) G Pic(-^, A^). Hence the set of the irreducible 
components of Xo{D,N) is in one-to-one correspondence with two copies of Pic(-p,iV), one copy 
for each type, (0, 2) and (2, 0). Finally, the automorphism Wp exchanges both copies of Pic(-^, A^). 

Let P — [A,i] G Xq{D,N) be a non-singular point and assume that a{A) = 2. Let Mp 
be its associated (0, 5) -bimodule. The subgroup scheme Hp gives rise to a degree-p isogeny 
/ip : A^B ~ A/Hp such that fipi{a) — j{a)fip for all a G C 

Since A ~ i? ~ we may fix an isomorphism of algebras EndF(^)— >M2(5). Then each 
isogeny can be regarded as a matrix with coefficients in S. In order to characterize the bimodule 
A^-'^ in terms of A^p we shall use the following proposition. 

Proposition 5.5. Let (^, i)/F and {A,j)/¥ be abelian surfaces with QM by O such that a{A) = 2. 
Let A4 and M be their associated {0,S) -bimodules. Consider the usual morphisms attached to 
each bimodule 

fM-.O^KHS), fj^:O^M2{S), 

and assume there exists an isogeny 7 : A — > A such that fMi(^)j — lfj^{oi) for all a ^ O. Then 
the image ^A4, where M. is viewed as a free right S -module of rank 2, is O-stable. Furthermore 
M = as {0,S) -bimodules. 
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Proof. The right iS-module 'jAi is iS-free of rank 2 with basis {761, 762}, provided that {ei, £2} is 
a iS-basis for A4. An element of -fM can be writen as: 



jeia + 7626 = ( 761 762 ) ^ ^ ^ = ( ei 62 ) 7 ^ ^ 

Therefore any a G O acts on it as follows: 

( ei 62 ) fMi^h ( 5 ) ( ^1 "^2 ) if Mia) ^ ^ ^ ( 761 762 ) f^ia) ^ ^ 

Thus 7A4 is O-stable and O acts on it through the map fj^. Wc conclude that = as 
(C',5)-bimodules. □ 

Applying the above proposition to /x = j, fj^ = i and 7 = /ip, we obtain that ^pM^ = Mp. 
Note that endomorphisms A G End(A) which fix Hp give rise to endomorphisms A G End(_B). 
If in addition A G End(A,i) then A lies in End(i3,j). 

Lemma 5.6. Every endomorphism in F,iid(A,i) fixes Hp. 

Proof. Let A G End{A,i). Then X{Hp) is either trivial or a subgroup scheme of rank p. If 
X{Hp) — 0, the statement follows. Assume thus that X{Hp) is a subgroup scheme of rank p. 
Since A is supersingular, X{Hp) is isomorphic to ap. Moreover, for all a G O wc have that 
i{a){X{Hp)) = X{i{a){Hp)) ~ X{Hp). Therefore X{Hp) is O-stable and consequently X{Hp) — 
Hp, by uniqueness. □ 

By the preceding result, there is a monomorphism End(^, i)^>End(i?, j) corresponding, via 
bimodules, to the monomorphism Sp : End§(7Wp)->End^(A^^) that maps every A G End|,(Xp) 
to its single extension to D Mp. 

Let (A/',V') e CM^|(i?). By ij33 TV = -M(a',7') for some abelian surface {A' with QM 
by O. By [5T1 Theorem 5.3], whether is a singular point of Xq{D,N) or not depends 

on the local isomorphism class of at P- Since TWj-^/^/-) and M.p are locally isomorphic, 

= Q G Xa{D,N)as and we may write TW(^/7/) = M.q. The composition of %l: with 5q gives 
rise to an embedding R ^ End^(A^'3)^ which we claim is optimal. 

Indeed, since /^g hasdegreep, [M^ : -Mg] = Hence the inclusion EndQ(A^g) C EndQ(A^'5) 
has also p-power index. Due to the fact that tj} is optimal, 

5g o V'(-R) = (5g(Endg(Xg) n V'(i^)) C Endg(7W^) f^5^o .^{K) =: (5g o ^(i?'), 

where i?' is an order in K such that R C R' has p-power index. Recall that R is maximal at p, 
hence we conclude that R' — R and Sq o -ijj is optimal. 

Since Hq is the single O-stable subgroup scheme of A' of rank p, Ai'^ is the single O-stable 

extension of A4q of index p. Moreover, it is characterized by the local isomorphism class of M'^ 

at p. More precisely, if Mp and TWg are locally isomorphic, then and M'^ must be locally 

isomorphic also. Thus the correspondence {J\f = -Mq, V') (TW*^, Sq o i/;) induces a map 

6 : CM^I (i?)^ CM^5 (i?). (5.11) 

Both sets are equipped with an action of Pic(i?) and involutions Wg^, for all g" || DN, q ^ p. 

On the other hand, since Ai^ is admissible of type (2,0) or (0,2), we identify CM^g{R) with 
CMD/p,NiR) by TheoremlO- 
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Lemma 5.7. The map S : CVIq g{R)^ CM. n/pj^^R) is equivariant under the actions o/Pic(i?) 
andW{D/p,N). 

Proof. Let (Xq,^/') G CM^|(i?), let [J] S Pic(i?) and write A = Endo(AlQ). We denote by 
QI-^I e ^oC^*, ^) the point attached to the bimodule [J] * Mq = '0( J"^)A ®a Mq = A^q[j] ■ 

Write A' = Endf,(X^) D A and consider the bimodule [J] * X<3 = J-i)A' (g)A/ TW^ e 
Pic§(X^). Then [J] * Mq C [J] * is O-stable of index p and [J] * = A^'^''' by 

uniqueness. Since [J] * ?/' and [J] * o tp) are given by the action of R on A^q[j] and ' 
respectively, 

<5([J] * (Mq, ^)) - (A^-^'-" , 5^,„ o [J] * ^) = ([J] * [J] * (^^ o V')) = [J] * 5(A^^, V'). 

As for the Atkin-Lehner involution Wq^, let 00 be the single two-sided ideal of O of norm 
g". Again 0o ®o ■M-'^ is an O-stable extension of £}a ®o of index p. Hence Qa ~ 
j^w,-n{Q)^ where Wq-.(Q) G Xo(i:i,iV) is the non-singular point attached to Qq ®q -^q- This 
concludes that 6 o Wqn = Wqn o S. □ 

Let P = [A, i] G CM{R) be a Heegner point such that P G Xo{D, A^)ns- Let A4p the bimodule 
attached to its speciahzation P = [A,l\ G Xo{D, N). RecaU the map (/> : CMd, n{R)^ \Jm CM^5(i?) 
of (|4.7p . induced by the natural injection End(yl, i) ^ End(A, i) and the correspondences of (|2.4p 
and 

The aim of the rest of this section is to modify 4> in order to obtain a map 

which composed with the natural projection tt : CMd ^(i?)UCMD ^(i?)-^Pic(^, iV) UPic( — , TV) 

and the correspondence of (|2.4I) . assigns to P G CM(i?) the Eichler order that describes the 
irreducible component at which P specializes. 

Theorem 5.8. The embedding End(A, i) ^ End(A,i) ^ End(i3,j) G Pic(-^, A^) induces a map 

$ : CMd,n{R)'^ CMd ^(i?) U CMd ^(i?), (5.12) 

which is equivariant for the action of Wd_ j^{R) and satisfies the reciprocity law ^{[J] * ^p) — 

[J]-i * $((y5) for all [J] G Pic(i?) and if G CMd,n{R)- 

If N is square free, then $ is bijective, i.e. it establishes a bisection ofWo j^{R)-sets between 

CMd.n{R)/wp and CMd j^{R). 

p ' 

Notice that we are considering W{^,N) as a subgroup of W{D,N), so that W{^,N) acts 
naturally on CM£i^jv(i?). Since points in CM(i?) have good reduction, p is inert in K by Theorem 
15.31 Therefore, by [241 Theorem 3.1], m„ = 2 and the subgroups Wd.n{R)/ (wp) and Wd ^(i?) 

are isomorphic. Hence we can consider CM^ijv (i?)/it;p as a Wd A,(i?)-set. 

' p ' 

froo/. The map $ : CMD.Ar(i?)^ CMd ^(i?) U CMd j^{R) arises as the composition 

p ' p ' 

CMz5,jv(i?) ^ Um CM-^siR) CMd/p,n{R) U CMo/p^NiR)- 

Then Lemma [5771 Theorem 14.81 and Theorem 14.101 prove the first statement. 

Assume that N is square free. Then freeness and transitivity of the action of WJJ/p J^^{R) x 

Pic(i?) on both CMd, i\f{R)/wp and CMd k{R) show that the corresponding map between them is 

' p ' 

bijective. Since the Atkin-Lehner involution Wp exchanges the two components of CMd/p ]^{R) U 
CMa/p.N{R), we conclude that $ : CMd,n{R)-^ CMd/p,n{R) U CMd/p,n{R) is also bijective. 

□ 
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6 Supersingular good reduction 



Exploiting the results of fJH we can also describe the supersingular reduction of Heegner points at 
primes p of good reduction of the Shimura curve Xq{D, N). Indeed, let p f DN be a prime, let F 
be an algebraic closure of ¥p and let XoiD,N) = XoiD,N) x ¥p. If P = [A,l] e Xo{D,N) is a 
supersingular abelian surface with QM, then a{A) = 2 by [211 §3]- Therefore [A,i] is characterized 
by the isomorphism class of the (0, 5)-bimodulc AAp attached to it. By Theorem 13.71 these 
isomorphism classes are in correspondence with the set Pic{Dp, N). 

Let P — [A, i] € CM(i?) be a Heegner point and assume that the conductor c of i? is coprime 
to p. Since A is isomorphic to a product of two elliptic curves with CM by i?, it follows from the 
classical work of Deuring that A has supersingular specialization if and only if p does not split in 
K. 

If we arc in this case, the map (f> of (|4.7p becomes 

^ : CMD,NiR)-^CMDp,NiR) (6.13) 

by means of the natural identification (14.91) . Composing with the natural projection 

TT : CMdp.n{R)~^PHDp, N) 

and the correspondence of (|2.4p . one obtains a map CM(i?) H> Pic{Dp,N) which assigns to 
P = [A,i] G CM{R) the Eichler order End(A,i) that describes its supersingular specialization. 

Theorem 6.1. The map $ : CMd.7v(-R) — > CMdp^n{R) is equivariant for the action ofW{D, N) 
and, up to sign, o/Pic(i?). More precisely: 

* if) - [J]-' * $K„((^)) - wmiH^)) 

for all m \\ DN, [J] G Pic(i?) and <f : R ^ O in CMd,n{R)- 

Assume that N is square free. If p ramifies in K, the map $ is bijective. If p is inert in K, 
the induced map 

GMd.,n{R) ^ GMdp.n{R)^GMdp.,n{R)/wp 

is also bijective. 

Proof. The first statement follows directly from Theorem 14.81 and Theorem 14.101 Assume that N 
is square free, li p ramifies in K, we have that Wd,n{R) — Wdp.n{R)- Then Pic(i?) x Wd,n{R) 
acts simply and transitively on both CM£)_Ar(i?) and CMD.Ar(i?) and $ is bijective. If p is inert 
in K, then Wd,n{R) = Wdp,n{R)/wp and the last assertion holds. □ 

7 Deligne-Rapoport's special fiber 

In this section we exploit the results of fJB] to describe the specialization of Heegner points on 
Shimura curves Xq{D,N) at primes p \\ N. In order to do so, we first recall basic facts about 
Deligne-Rapoport's special fiber of Xq{D,N) at p. 

Let p be a prime dividing exactly N, fix F an algebraic closure of Fp and let Xq{D,N) = 
Xo{D, N) X Spec(Fp). By the work of Deligne and Rapoport, there are two irreducible components 
of Xq{D, N) and they are isomorphic to Xo{D, N/p). Notice that Xo{D, N/p) has good reduction 
at p, hence Xq{D, N/p) is smooth. 

Let Xo{D,N) ^ Xo{D, N/p) be the two degeneracy maps described in Appendix A. They 
specialize to maps Xo{D,N) ^ Xq{D, N/p) on the special fibers; we denote them by S and 
6wp. Write 7 and Wpj for the maps Xo{D, N/p) ^ Xq{D,N) given in terms of the mod- 
uli interpretation of these curves described in Appendix A by 7((A,i)) — (A, i, ker(F)) and 
Wp^iiA,!)) = (I(p),T(J'),ker(V)), where F and V are the usual Frobenius and Verschiebung. It 
can be easily checked that j o S — Wpj o Swp — Id and 7 o Swp — Wpj o S — Wp. 
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According to [21 Theorem 1.16], 7 and Wpj are closed morphisms and their images are respec- 
tively the two irreducible components of Xq(D, N). These irreducible components meet transver- 
sally at the supersingular points of Xo{D, N/p). More precisely, the set of singular points of 
Xo{D,N) is in one-to-one correspondence with supersingular points of Xo{D, N/p). 

Let P = [A,i] e CM(i?) be a Heegner point and let P = [A,l] e Xo{D,N) denote its 
specialization. Assume, in addition, that p does^not divide the conductor of R. According to the 
above description of the special fiber, the point P is singular if and only if S{A, i) is supersingular, 
or, equivalently, if and only if (A, i) is supersingular because {A,i) and 5{A,i) are isogenous. By 
[24l Theorem 3.2], the fact that CM(i?) ^ implies that p is not inert in K. Since A is the 
product of two elliptic curves with CM by R, we obtain the following result, wich the reader 
should compare with Theorem 15.31 

Proposition 7.1. A Heegner point P € CM(i?) reduces to a singular point of Xq{D, N) if and 
only if p ramifies in K . 

Proof. The point P specializes to a singular point if and only if (A, i) is supersingular. Since p is 
not inert in K and any elliptic curve with CM by R has supersingular specialization if and only if 
p is not split in if, we conclude that p ramifies in i^T. □ 

7.1 Heegner points and the smooth locus 

Let C D O be an Eichler order in B of level N/p. Notice that O' defines the Shimura curve 
Xq{D,N/p). Let CM(i?) be a set of Heegner points that specialize to non-singular points in 
Xo{D,N) and let P 6 CM(i?). The inclusion O' D O defines one of the two degeneracy maps 
d : Xq{D,N) — >■ Xq{D, N/p) as in Appendix A. By the identification of (|2.4I) . P corresponds 
to (fip e CMd, n{R) and its image d{P) corresponds to ifd{p) G CMjj^Nfp{R'), where (pp{R') — 
(fp{K) n C and fdiP) : R' ^ O' is the restriction of (pp to R'. Since [C : O] — p, the inclusion 
R C R' has also p-power index. According to the fact that the conductor of R is prime to p, we 
deduce that R = R' . 

Hence, restricting the natural degeneracy maps Xo{D, N) ^ Xo{D, N/p) to CM(i?), we obtain 
a map 

GMdm[R)^ CyiDM/p{R) U G^DM/piR)- (7.14) 

Observe that we have the analogous situation to ij5.2l and Theorem 15.81 We have a map 
GMp,,n{R)^ CMp,^N/p{R) U CM£,_Af/p(i?), which is clearly Pic(i?) x W{D,N/p) equivariant and 
a bijection if iV is square free, with the property that the natural map 

CMd^n/p{R) U CMd^n/p{R)~^^HD. N/p) U Pic(i:', N/p) 

gives the irreducible component where the point lies. Notice that there are two irreducible com- 
ponents and ^Pic{D,N/p) — 1, since D is the reduced discriminant of an indefinite quaternion 
algebra. 

7.2 Heegner points and the singular locus 

Let O' D O he as above, let {A,i) be an abelian surface with QM by C and let C be a Tq^p)- 
structure. Given the triple {A,i,C), write P = [A,i,C] for the isomorphism class of {A,i,C), 
often regarded as a point on Xo{D, N) by Appendix A. 

Let P — [A,i,C] £ CM(i?) be a Heegner point with singular specialization in Xq{D,N). 
Then [A, i] e Xo{D, N/p) is the image of P through the natural map d : Xo{D, N)^Xo{D, N/p) 
given by C D O. Using the same argumentation as in the above setting, we can deduce that 
End(A, i)^^ End(A, i, C) = R. 

Let [A, z, C] G Xq{D, N) be its specialization. Since it is supersingular, C = ker(Fr). Thanks to 
the fact that the Fr lies in the center of End(v4), we obtain that End(A, i, C) = End(74, i). Thus the 
embedding End(yl, i, C) ^ End(yl, z, C) is optimal and it is identified with End(yl, i) ^ End(yl, z), 
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which has been considered in SJS] In conclusion we obtain a map $ : CMd^n{R) — > CMupj^/p{R) 
as in ij5.ll and, since p ramifies in K, a result analogous to Theorem 15.41 

Theorem 7.2. The map 

$ : CMz5.Ar(i?) ^ CM£.„ iv(i?) (7.15) 
is equivariant for the action ofW{D^N) and, up to sign, o/Pic(i?). More precisely: 

for all m || DN, [J] e Pic(i?) and (p : R ^ O in GMd n{R). Moreover, it is bijective if N is 
square free. 

Appendix A: Moduli interpretations of Shimura curves 

In this appendix, we describe an interpretation of the moduli problem solved by the Shimura 
curve Xo{D,N), which slightly differs from the one already considered in §2.21 This moduli 
interpretation is also well-known to the experts, but we provide here some details because of the 
lack of suitable reference. 

Let {On}{n,d)=i be a system of Eichler orders in B such that each On has level N and On C 
Om for M I N. Let now M \\ N, by what we mean a divisor M of iV such that {M,N/M) = 1. 
Since On Q Om, there is a natural map 5 : Xq{D,N) Xq{D, M); composing with the Atkin- 
Lehner involution wn/m, we obtain a second map 5 o wn/m ■ Xq{D,N) Xq{D,M) and the 
product of both yields an embedding j : Xq{D,N) ^ Xo{D,M) x Xq{D,M) (cf. "W for more 
details). 

Note that the image by j of an abelian surface {A, i) over a field K with QM by On is a 
pair (^{Ao,io)/K, {AQ,iQ)/K) of abelian surfaces with QM by Om, related by an isogeny (pN/M ■ 
(Aq, io)— >(^0' *o) of degree (N/M)"^, compatible with the multiplication by Om- Assume that 
either char(i4r) = or (iV, char(iir )) = 1, thus giving a pair ((Ag, io), (Aq, ig)) is equivalent to 
giving the triple (Aq, jq, C^t/m); where Cn/m = '^^t^{4>n/m) is a subgroup scheme of of rank 
(N/M)^, stable by the action of Om and cyclic as an C'j\/-module. The group Cn/m is what we 
can a ro(A^/M)-structure. 

Let us explain now how to recover the pair (A, i) from a triple (Aq, io, Cn/m) as above. Along 
the way, we shall also relate the endomorphism algebra End(Ao, iq, Cjv/a/ ) of the triple to the 
endomorphism algebra End(A, i). The construction of the abelian surface [A, i) will be such that 
the triple {Aq^iq^Cn/m) is the image of (A, i) by the map j. This will establish an equivalence 
of the moduli functors under consideration, and will allow us to regard points on the Shimura 
curve Xo{D,N) either as isomorphism classes of abelian surfaces {A,i) with QM by On or as 
isomorphism classes of triples (^o, io: Cat/m) with QM by Om and a ro(A^/Af)-structure, for any 
M II N. 

Since Cn/m is cyclic as a OM-modulc, Cn/m = OmP for some point P £ Aq. We define 

Ann(F) = {/3 S Om, s.t. /3P = 0}. 

It is clear that Ann(P) is a left ideal of Om of norm N/M, since Cn/m — Oa/ /Ann(P). Let a be 
its generator. Assume C = Cn/m nker(io(a)) and let A :— Aq/C be the quotient abelian surface, 
related with Aq by the isogeny : Aq-^A. 

We identify C = {^P, a.t. (i G Om, a(3 G Ann(P) = Omo] = {(iP, s.t. (3 e a'^OMa n Om}- 
The order a^^OMd H Om is an Eichler order of discriminant iV, hence C = {fiP, s.t. /3 G On}. 

Since On — {/S € Om, s.t. /3C C C} C Om, the embedding iq induces a monomorphism 
i : On End(A) such that i{B) fl End(A) = i{ON). Then we conclude that {A,i) has QM by 
On. Recovering the moduli interpretation of Xo{D, N), it can be checked that S{A, i) — (Aq, jq). 

Let End(Ao, io, Cn/m) be the subalgebra of endomorphisms tp G End(^o, jq), such that iP^Cn/m) Q 
Cn/m- Identifying End(AQ, Jq) inside End"(Ao, io) via (j)N/M, we obtain that End(Ao, iq, Cn/m) = 
End(Ao, io)nEnd(AQ, Iq). Let G End(Ao, jq, Cjv/a-/)- Since ^ commutes with zq (a), we have that 
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■0(kcr(zo(a))) C ker(io(a))- Moreover it fixes Cj^sju by definition, hence '^{C) C C and therefore 
each element of End(^Oj io, Cw/m) induces an endomorphism of End(A, i). We have obtained a 
monomorphisni End(^Oj «o, Cjv/m) ^ End(^, i). 

Proposition 7.3. Let (A, i) obtained from (Aq) *0) Cm/n) by the above construction. Then End(A, i) 
End(Ao, io, Cjv/m) • 

Proof. We have proved that End(Ao, zo, C^t/m) ^ End(A, i), if we check that End(A, i) ^ 
End(^o,«o) and End(A, z) ^ End(^Q,iQ), we will obtain the equality, since End(Ao, io, Cjv/m) = 
End(^o,*o)nEnd(yi;„z^). 

Due to the fact that C C Cj^/m, the isogeny 0jv/m factors through ^p. By the same reason 
io(Q:) also factors through tp, and we have the following commutative diagram: 



Ao 



<t>N/M 




We can suppose that a is a generator of the two-sided ideal of Ojv of norm N/M. It can be done 
since On = Cm H a~^OM0i, thus a can differ from the generator of such ideal by an unit of O^, 
namely an isomorphism in Endc(j4o). 

The orientation C Om induces an homomorphism, : O^^O^ IOmOl = 'Ljj^'L. We 
consider the subgroup scheme 

Ci = {P e ker(i(a)) s.t. i{l3)P = ^i{l3)P, for all /3 e On}- 

Claim: Ci = keT{r]). Clearly ker(r^) C ker(z(a)). Moreover ker(r^) = (yj(ker(io(a))) are those points 
in ker(i(a)) annihilated by i{OMCe), thus they correspond to the eigenvectors with eigenvalues 

/x(^), for all eON- 

We also have the homomorphism, /x o Wjq/M '■ O^^On /aOM — ^/^^- Again, we consider 
the subgroup scheme 

C2 = {P e ker(i(a)) s.t. i{P)P = o wn/mW)P, for all /3 £ Cat}. 

Claim,: C2 = ker(p). In this case, wc have that ker(/9) = (p{Cn/m), where C^/m = OmP- Due 
to the fact that uOm C On and ker((y9) = OnP, we obtain that kcr(/9) C ker(«(Q:)). By the same 
reason, ker(/3) is the subgroup of ker(z(Q!)) annihilated by i{aOM), therefore ker(p) = C2 as stated. 

Finally let 7 £ End(A, «). Since it commutes with i{f3) for all /3 G On, it is clear that 
7(C2) C C2. Then the isogeny p induces an embedding End{A,i) C End(^o,iQ). Furthermore we 
have that i(){a)io{a) — N/M, then (p — rj o io(a) — i{oi) o rj. Since 7 commutes with and 
7(Ci) C Ci, we obtain that (p induces an embedding End(A,i) C End(>lo,io)- We conclude that 
End(A, i) = End(Ao, io) n End{A'o,i'o) = End(Ao, io, Cn/m)- 

□ 
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